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SUNTO. – Il moderno triathlon “calore-elettricitá-meccanica” ha un indiscutibile cam-
pione, il grafene, vantando esso, tra tutti i materiali in condizioni normali, record in
tutte e tre le specialità: conduttivitá termica, mobilità elettrica e resistenza meccanica.
D’altra parte il grafene, essendo perfettamente planare, è la forma più semplice delle
possibili strutture sp2 di solo carbonio. La famiglia dei grafeni comprende forme curve
come i fullereni, a curvatura gaussiana G >0 positiva, i nanotubi, a curvatura G=0 come
il grafene, e le schwarziti a curvatura G <0, e curvatura media nulla. La coniugazione
dei legami sp2 tra gli atomi di carbonio fa sì che molte proprietà elettroniche e vibra-
zionali globali dei grafeni dipendano primariamente dalla topologia della struttura.
Esempi di proprietà globali stimate su base topologica sono il processo di crescita, la
gerarchia degli isomeri, lo spettro vibrazionale, le costanti elastiche, la porosità in fun-
zione dell’energia di deposizione, etc. La dinamica degli elettroni liberi nei grafeni è
ben descritta dall’equazione quantistica relativistica di Dirac e diverse sue conseguenze
come lo Zitterbewegung e il paradosso di Klein sono state dimostrate nel grafene.
Pertanto il grafene permette di simulare e verificare teorie fondamentali della fisica
delle particelle elementari e dell’astrofisica, assai meno accessibili agli esperimenti. Con
qualche sorprendente previsione! Di fatto dalla fine ‘800 la topologia è diventata un
paradigma di riferimento in molte branche della fisica fondamentale, dalla teoria topo-
logica dell’elettricità di Hermann Weyl e dei wormholes cosmologici alla teoria delle
stringhe e l’attuale teoria di campo topologica nella fisica delle alte energie.

***
ABSTRACT. – The modern triathlon “heat-electricity-mechanics” has an indisputable
champion, graphene, as a recordman, among all materials in normal conditions, in all
three specialties: thermal conductivity, electrical mobility and mechanical strength. On
the other hand graphene, being perfectly planar, is the simplest of all possible sp2 pure
carbon structures. The graphene family includes curved forms like fullerenes, having
gaussian curvature G >0, nanotubes, with G=0 like graphene, and schwarzites with G
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<0 and vanishing mean curvature. The conjugation of carbon-carbon sp2 bonds makes
several global electronic and vibrational properties of graphenes to primarily depend
upon the structure topology. Global properties which can be estimated on topological
grounds are the growth process, the isomer hierarchy, the vibrational spectrum, the
elastic constants, the porosity as a function of the deposition energy, etc. The dynamics
of free electrons in graphene is well described by the Dirac quantum-relativistic equa-
tion, and some of its consequences like the Zitterbewegung and Klein’s paradox have
been proved in graphene. Thus graphene allows for the simulation and validation of
fundamental theories in fields hardy accessible to experiments like high-energy physics
and cosmology. With some surprising prediction! It is a fact that since the late XIX cen-
tury topology has become a reference paradigm in many branches of fundamental
physics, from Hermann Weyl’s topological theory of electricity and cosmological worm-
holes, to string theory and present topological field theories in high-energy physics.

1. INTRODUCTION

In recent years, after the work of Geim and Novoselov [1-3], the
single layer of graphite has been promoted to the most important mem-
ber of the graphene family. This family includes all pure sp2-bonded
carbon structures and counts infinite members within each group
defined by its topology [4] (Fig. 1). While graphite is known since
antiquity, owing its name to traditional writing devices like charcoals
and pencils, and its monolayers have been grown and studied on a large
variety of substrates since half a century [5-8] only recently the infinite
series of fullerenes, with the icosahedral C60 as the recognized leader
[9,10], has been welcomed into the family, followed by that, equally
infinite, of carbon nanotubes [11], and, last but not least, of carbon
schwarzites [12-17,4]. 

The single layer of graphite, hereafter graphene par excellence, is
actually a member of the group defined by a surface of topological genus
g=1, which includes all nanotubes (Fig. 1c) and also toroidal (doughnut-
shaped) graphenes. The reason of such parenthood is that nanotubes and
doughnuts are obtained by respectively rolling up once and twice a
graphene sheet. Fullerenes have instead the topological genus of a
sphere, g=0 (Fig. 1b), while integer genera larger than 1 include closed
shapes with more than one handle (ring), as well as open surfaces (Fig.
1d) characterized by a negative Gauss curvature everywhere (schwarzites,
from the name of the Swiss mathematician Helmut Schwarz [18] who
developed the theory of tri-periodic minimal surfaces). The toy basket
also includes possible graphene of any half-integer genus represented by
single-face surfaces like Möbius rings and Klein bottles. Although integer
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and half-integer genus surfaces have the same dignity in topology as have
particles with integer (bosons) and half-integer spin (fermions) in quan-
tum physics, our playground shall be restricted to graphenes with integer
genus, leaving to chemists the pleasure, actually a difficult task) of syn-
thesizing new single-face graphene forms.

Fig. 1. The four canonical sp2 carbon forms grouped under the general name
of graphenes. a) Graphite; the graphite monolayer is currently known as graphene.
(b) Fullerene; the picture shows the most popular of all fullerenes, the icosahedral C60.

(c) Single-walled nanotube. (d) A three-periodic schwarzite.

2. THE WIZARDY OF CONJUGATION

Graphene, by combining its superior electrical and thermal conduc-
tivities with the highest tensile strength, represents an ideal triad, fully in
the spirit of the present conference. The bond conjugation which charac-
terizes fully sp2-carbon structure constitutes a holistic property, in the
sense that imposing the character of a single bond to be double or single
can determine the bond character in the whole structure at any distance
and almost instantaneously, the speed of propagation of the signal being
expressed by the Fermi velocity. Such an infinite-range interaction makes
topology the leading property over local metric properties. 
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Consider the small portion of graphene depicted in Fig. 2a, where
grey bonds are single and red bonds are double. You may exchange
them arbitrarily provided each atom links three other atoms with four
(one red and two grey) bonds. In quantum mechanics each configura-
tion fulfilling the above rule is possible with a given probability, and
chosing one or another in a graphical representatio is just a matter of
taste. The correlation between neighboring bonds which extends all
over the surface however extended is the essence of conjugation.
Imagine now that you wish to roll up the portion of graphene (a) to
make a nanotube, by joining either the two vertical edges or the two
horizontal edges: since there is an exact correspondence of the red and
grey bonds in both the vertical and horizontal edge pairs, the nanotube
can be made in both directions, and also the doughnut can be made by
joining both edge pairs. The configuration (b), where the four single
bonds in the yellow rectangle of (a) have been turned into double bonds,
is also plausible for the graphene portion but cannot form a nanotube
by joining the vertical edges because double bonds are requested on the
left and single bonds on the right side. No problem for the horizontal
nanotube, and also for the vertical one it is possible to reshuffle the
bonds so has to have the same set of double bonds in the yellow strip.
The example above allows however to conclude that the cyclic boundary
conditions which are imposed in order to roll up (close) the sheet
reduces the number of possible bonding configurations. 

Fig. 2. (a) A possible configuration of single (thin segment) and double
(thick red segment) bonds in a portion of graphene fulfilling cyclic boundary conditions.
Any other disposition of bonds is equally possible provided each atom forms one double
bond and two single bonds and cyclic boundary conditions are fulfilled. (b) In this bond

configuration the vertical edges do not fulfill the cyclic boundary condition.
(c) A Stone-Wales defect where four adjacent 6-fold rings have been turned into a pair

of 5-fold and a pair of 7-fold rings.
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The bonding rule of graphenes (coordination 3 with one dou-
ble and two single bonds for each atom) is an example of topological
rule. There are many ways to dispose the atoms so as to fulfill this
rule: Fig. 2c shows a typical topological defect, the Stone-Wales
transformation in which one of the bonds within the yellow strip in
(b) has been rotated by 90º so as to transform four adjacent hexagons
into a pair of pentagons and a pair of heptagons. The pairs of hori-
zontal and vertical boundaries are now perfectly coherent so that the
Stone-Wales defect may occur in nanotubes as well as in doughnuts.
Actually it is a basic defect in all graphene families, I would say a
familiar defect.

In general any graphene of the family can be viewed as a tessela-
tion of some surface of genus g with a given number ν of atoms (nodes),
a given number e of bonds (edges) and a given number f of rings (polyg-
onal faces or tiles). These numbers are not completely independent:
they have to fulfill a famous theorem due to Euler, stating that

,                                                                      (1)

where c is the Euler-Poincaré characteristic. This topological constant
is related to genus via the third equality of (1) and to the Hilbert con-
nectivity k. The connectivity of a surface k is an integer positive num-
ber with an interesting definition: the maximum number of close cuts
which can be made on a surface without splitting it apart plus one.
For example a circular cut on a plane (the projective plane, including
one point at infinity) or a sphere is always enough to separate a circle
from the rest: thus k=1; in a Möbius ring we can make a close longi-
tudinal cut which however does not split the ring into two parts;
another close cut is needed to split it apart: thus k=2. A torus (as well
as a plane with two cyclic boundary conditions) can stand two close
cuts without splitting into two parts: a third one is necessary and
therefore k=3, etc. Odd (even) values of k define two-face (single-
face) surfaces. As a consequence spheres and projective planes have
c=2, g=0; the Möbius ring c=1, g=½; the torus (or a plane with two
cyclic boundary conditions, or a nanotube with one cyclic boundary
condition) c=0, g=1; the Klein bottle c=-1, g=3/2; the two-hole torus
c=-2, g=2, etc. Thus the genus g is equal to the number of holes of a
multi-hole torus). 

For a graphene fulfilling the three-fold coordination rule it is
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.                                                                               (2)

Since both f and c are integer numbers the number of atoms of a
closed graphene (e.g., a fullerene) is always even. For periodic
schwarzites it may be convenient to refer all quantities in Eq. (1) to a
unit cell and to close it on itself by imposing cyclic boundary condi-
tions. Each closure creates a torus hole and therefore the unit element
of a schwarzite with periodic boundary condition shall always be char-
acterized by a positive, possibly large value of g. 

The Euler theorem yields also a rule on the distribution of poly-
gons tiling the surface of graphenes: by calling fn the number of poly-
gons (n-membered rings), so that f=Σn fn , ν=Σn(n/3)fn, Eq.(2) gives

                                                                                    (3)

Note that this conditions on the numbers of different rings is inde-
pendent of the number of 6-rings, which can therefore be any natural
number, including 0 and except 1. Hereafter we shall consider only the
most frequent graphenes, i.e., those with six-, five- and seven-membered
rings, the extension to other possible structures with larger or smaller
rings being straightforward. With such restriction it is found that

.                                                                                         (4)

For fullerenes (c=2) with no 7-rings the well known result f5=12
is obtained. For open nanotubes and graphene sheets f5=f7: in perfect
structures this number can be zero, whereas in defective graphene or
nanotubes 5- and 7-rings always occurs in pairs, e.g., through the Stone-
Wales transformation which converts four adjacent 6-rings into two 5-
7 ring pairs (Fig. 2c).

The simplest forms of periodic schwarzites have a unit coordinat-
ing either six identical units through six necks in the three orthogonal
direction, thus forming a simple cubic lattice (P-type schwarzites), or
four identical units through four necks in the tetrahedral direction, thus
forming a diamond lattice, i.e., a face-centered cubic lattice with two
units per unit cell (D-type schwarzites). Fig. 1d depicts a portion of a
D-type schwarzite. In both P- and D-type schwarzites, the unit cell is
connected to the six neighboring cells via six necks, which is equivalent
to say that the unit cell of both forms can be closed on itself by fulfilling
three cyclic boundary conditions, i.e., via three torus rings: thus g =3,
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or c=-4 per unit cell, and therefore in the absence of pentagons, Eq. (4)
requires 24 heptagons/cell, whatever is the number (≠ 1) of hexagons,
and each tetrahedral element of a D-type schwarzite has f7=12. The
smallest D-type schwarzite with no hexagons has 28 atoms per element
(56 per unit cell, like the smallest P-type schwarzite), whereas the small-
est fullerene (f5 = 12, f7 = 0) is C20, having (12×7 - 12×5)/3=8 atoms less
the the unit element of the smallest D-type schwarzite. In conclusion
the family of D-type schwarzites has the formula fcc-(Ck)2 where
k=28+2f6 is the number of atoms per element, while the simple-cubic
P-type schwarzites are denoted by sc-Cmwith m=56+2f6 .

The Euler theorem has also practical consequences in Nature:
the famous naturalist and philosopher Ernst Haeckel baptized a beau-
tiful radiolarian, whose skeleton is shown in Fig. 3, Aulonia hexago-
nia, without considering that a hexagonal tiling cannot be closed on a
sphere without adding 12 pentagonal tiles, or 14 pentagonal and 2
heptagonal tiles, etc. (e.g., by allowing for Stone-Wales defects: the
reader can easily find 5- and 7-membered rings). Of course, amid
such a large number of hexagons, a few pentagons and even less hep-
tagons are negligible, though it would be a mistake to present them as
errors of nature! 

Fig. 3. Aulonia hexagonia, Heckel [19]. Despite the given name of this radiolarian,
a sphere cannot be floored with exclusively hexagonal tiles. At least four triangular,

or six square, or twelve pentagonal tiles need to be added in order to complete the work
(cfr. Eq. 3). The reader can easily find several non-hexagonal tiles.
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Fig. 4. A transmission electron microscopy (TEM) image of a random carbon schwarzite.
The structure consists in a continuous, presumably minimal surface extending in three

dimensions ans held together by graphitic sp2 bonds [15,4].

In general it appears that graphenes with a dominant positive
Gauss curvature (G>0) like fullerenes have more pentagons than
heptagons, while those with a dominant negative Gauss curvature (G<0)
have more heptagons than pentagons. Moreover abutting pentagons are
energetically unfavored while heptagons tend to coalesce. The smallest
fullerene with no abutting pentagons, the C60 isomer of icosahedral
symmetry, is actually the most stable and therefore the most abundant in
carbon cluster beams. On the contrary the schwarzites with the highest
point-symmetry are unfavored with respect to isomers with abutting
heptagons. This is apparently the reason why the attempts to grow
periodic schwarzites by means of supersonic cluster beam deposition
(SCBD) have been so far unsuccessful [4,14-16]. Nevertheless the
SCBD of carbon clusters seeded with catalist nanoparticles [15] yields
virtually pure sp2 random schwarzites (Fig. 4) with a very high specific
surface and a porosity strongly dependent on the average deposition
energy, in agreement with previous molecular dynamics simulations
[14]. Despite the apparent randomness of the structure as appears from
TEM images (Figs. 4 and 5b), an analytical simulation reveals a fractal
self-affine structure growing from a catalyst nanoparticle [4,15,17]. The
ultra-high porosity of carbon schwarzites and their relative chemical
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inertness has already enabled various nanotechnologies [17,20,21],
almost two decades before the same structures have been glamorously
proposed under the new name of 3D graphene [22].

Fig. 5. The simulation of the TEM images of carbon schwarzites with a self-affine fractal
minimal surface growing in the z-direction (a) provides a faithful visual

representation of experimental TEM pictures (b) [15,23].

3. WHERE QUANTUM PHYSICS MEETS TOPOLOGY

A natural question posed by SCBD growth of graphene structures
is whether, depending on various experimental conditions like sub-
strate structure, composition and temperature, catalyst, beam energy,
etc., fullerenes or nanotubes or schwarzites, or just trivial graphite
monolayers will be produced. Of course many other exotic, sp2-sp3

mixed structures are around the corner. This essentially and ultimately
depends on thermodynamic conditions, more specifically (at equilibri-
um) on extensive properties such as the free energy of the different
forms. Topology provides in this case a dramatic simplification through
the wonderful Gauss-Bonnet theorem which links local properties, rep-
resented by the Gauss curvature G, to a global property, the topological
Euler-Poincarè characteristic c . The theorem states that:

,                                                                                          (5)

where dS is the surface element, and the integral extends over the entire
surface, supposed to be closed as explained above. The total energy of
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a curved single-walled graphene can be expressed in the form suggest-
ed by Helfrich for membranes and foams [23,24-26]:

                                                                   
(6)

where g=2.82 eV/Å2 is the energy for unitary flat surface (a graphite
sheet) [27], H the mean curvature and <H2>the average of its square
over the surface. The constants k and k are two elastic constants asso-
ciated with cylindrical and elliptical/hyperbolic deformations of the
surface, respectively. For minimal surfaces like schwarzites H=0 every-
where, and therefore the difference E – Sg= –2pck >0, expressing the
energy required to fold a graphene sheet into a schwarzite (which is
positive since c <0) depends exclusively on the surface topology and on
the actual value of k, which is assumed to be a constant independent of
the position on the surface.

Density functional (DF) calculations in the local density approxi-
mation for nanotubes of variable radius R (where H=1/(2R) and G=0)
[27,28] and C60 (where H=1/R and G=1/R2) [27] permit to extract the
values k=3.1 eV and k=1.7 eV. Similar values (within ~5%) are extract-
ed from quantum tight-binding calculations for schwarzites [29], which
proves an approximate universality of the Helfrich total energy for the
whole family of single-walled graphenes. It should be noted that Eq. (6)
is actually an expansion into curvatures of increasing order truncated at
the first three terms.

It is now important to observe that the local initial values of k and
k either at the surface termination into vacuum, where the growth takes
place by cluster addition, or at the contact with the substrate or the cat-
alyst, are likely to be quite different from the above values (derived for
free-standing closed structures) and should be obtained from ab-initio
calculations. In particular the local change in the electronic structure,
e.g., a p bond-charge depletion or accretion, can substantially modify k.
The charge redistribution produced by a catalyst depends on the actual
size of catalyst nanoparticles, which may explain why in presence of
very small and highly dispersed metallorganic precursors the growth of
schwarzites supersedes that of nanotubes. The initial relative values of
k and k which determine whether the growth process of sp2 carbon
preferentially leads to fullerenes, nanotubes or schwarzites, define the
three topological domains shown in Fig. 6 [17,23]: schwarzites are
favoured for k<¼k, nanotubes for ¼k <k<¾k and fullerenes for k>¾k.
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When k ≈ k/2, as found from DFT calculations for free-standing
graphenes, nanotubes are more likely to occur. 

Fig. 6. Topological domains for the growth of sp2 carbon graphenic structures
as functions of the incipient elastic constants. The k and k values

for free-standing graphenes (red cross) favour the growth of nanotubes [16,23].

Once the growth process has started, the local elastic constants k
and k away from the initial conditions tend to their universal values, but
the growth proceeds within its topological basin, since switching to
another topology would require a massive reshuffling of bonds. This is
an example of topological robustness, which guides the growth process
along of a quasi-deterministic path. 

We have considered so far the topological consequences arising
from the tesselation of surfaces of different genus with 6-, 5- and 7-
membered carbon rings as an effect of that peculiar quantum property
of sp2 bonding which we call conjugation. Also graph topology bears
interesting implications and simplifications in the theory of sp2 carbon
conjugated systems. The main character in graph theory is the adjacen-
cy matrix A whose elements Aij, are 1 for all pairs of carbon atoms i and
j which are connected by a bond, and 0 for all the other pairs (i,j),
including i=j. The electronic states of a graphenic structure of any
topology can be estimated within a linear combination of atomic orbital
(LCAO) scheme by solving the system

,                                                                      (7)

where I is the identity matrix, E an eigenvalue and c the corresponding
eigenvector providing the LCAO coefficients. The diagonalization of Eq.
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(7) with the LCAO matrix elements a=-2.60 eV and b=3.01 eV and over-
lap s=0 (Hückel approximation) [30] provides for the fullerene C60 a set
of eigenvalues (Fig. 7, lower abscissa in eV) with the respective density of
states (DOS, shadowed peaks for occupied states) in excellent agreement
with the Hückel eigenvalues reported by Bühl and Hirsch (upper abscissa,
in units of b) [31] . It will be appreciated that the adjacency matrix only
contains topological data with no information on the structural details. On
this basis it is expected that the diagonalization of the adjacency matrix for
other graphenic topologies with the above parameters should as well pro-
vide a first-hand estimation of the valence electron energy levels.

Fig. 7. Topological electronic states. The density of states (DOS, with shadowed
peaks corresponding to occupied states) associated with the energy levels

(in eV) of icosahedral C60 with their respective irreducible representation labels
as obtained from the diagonalization of the adjacency matrix with a=-2.60 eV
and b=3.01 eV and overlap s=0 (Hückel approximation) [30], compared with
the Hückel energy levels (in units of b) reported by Bühl and Hirsch [31].

A similar topological approach works for the calculation of
phonon states. In this case the eigenvalue equation providing the angu-
lar frequencies ω=ωaν and the components ui=uia ,ν of the atomic dis-
placements for each phonon ν and each polarization a=^,|| can be
expressed in terms of the adjacency matrix as

GIORGIO BENEDEK94



,                                                      (8)

where M is the carbon atom mass, and the term with the Kronecker
delta is implied by the translational invariance of the system hamilton-
ian. The force constants fa can be fitted to the respective frequencies ω^

and ω|| for graphene and considered to be transferable to other sp2 car-
bon structures. The angular frequencies can then be expressed in terms
of the eigenvalues λaν of the adjacency matrix as

.                                                                              (9)

An example of topological phonon spectrum calculated with Eqs. (8,9)
is shown in Fig. 8 for the icosahedral fullerene C60 [30,32] and com-
pared with the experimental spectrum obtained with inelastic neutron
scattering (NIS) [33]. The good correspondence of the NIS spectrum
peaks to those of the topological phonon spectrum indicates that the
gross features of the C60 vibrational spectrum are accounted for by its
topology, i.e., by its bonding network. Similar results have been
obtained for the D-type schwarzite (C28)2 for which a comparison is
possible between the ab-initio and the topological phonon spectra [30].

Fig. 8. Comparison between the vibrational spectrum of the icosahedral fullerene C60

measured with neutron inelastic scattering (NIS) [33] (a), and the topological phonon
spectrum calculated from the adjacency matrix (b) [30,32]. 

Topological phonon spectra cannot of course be as accurate as
those obtained from detailed lattice dynamics calculations, but may be
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conveniently used in the calculation of integral properties such as, e.g.,
the vibrational part of thermodynamic functions. As an example, it is
perfectly sufficient to use the topological phonon frequencies for the
calculation of the mean-square atomic displacement relative to the
interatomic distance d , given by the equation

,                              (10)

It is possible to estimate the temperature at which the bonds start
breaking leading to melting by means of the Lindemann criterion: for
carbon materials this occurs at ν(Tm)=0.084 [34]. A semi-empirical
tight-binding molecular dynamics simulation of the topological connec-
tivity as a function of temperature for the D-type schwarzite fcc-(C36)2
(Fig. 9a) [35] shows that a graphitization transition, consequent to a
rapid break of prevalently single bonds, is predicted to occur around
4000 K. At this temperature Tg the ratio ν(Tg) derived from Eq. (10),
with the topological phonon spectrum (Fig. 9b) and the graphite inter-
atomic distance d=1.42 Å, is equal to 0.077. Raising the temperature
beyond graphitization, melting of graphite sheets occurs.

Fig. 9. (a) The three-dimensional fcc lattice generated by the schwarzite fcc-(C36)2

represented within a simulation cube containing 8 C36 elements (4 fcc unit cells).
On the background the evolution of the topological connectivity as function of

temperature from the low temperature value k=19 for the schwarzite within the
simulation cube to the high-temperature value k=3 for graphite. This molecular

dynamics simulation predicts the topological transition to graphite (graphitization)
at ~4000 K transition [35]. (b) The topological phonon distribution at zero for a single

element C36 using adjacency matrix diagonalization.
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A simulation for graphene by to Zakharchenko et al [36] gives a
melting temperature of 4900 K, which would correspond, on the basis
of Eq. (10), to ν(Tm)=0.085, in good agreement with the Lindemann
criterion for carbon materials. In view of such a good correspondence
for melting, this analysis provides therefore a criterion for the graphiti-
zation transition of schwarzite structures, which can be confidently
fixed at ν(Tg)=0.077. Fig. 9a offers a clear example of a phase transition
with a topological index acting as an order parameter.

The assumption that the total energy of graphenes can be assim-
ilated to that of a continuous elastic membrane in the Helfrich’s form,
Eq. (6), is a crude approximation, which does not permit, for exam-
ple, to distinguish among isomers, not even those generated by Stone-
Wales defects or simply redistributing the same carbon rings. For
schwarzite it seems reasonable to assume that minimality is best
approached by the most stable isomer, but less stable isomers deviate
more and more from the minimality conditions, acquiring a non-zero
mean curvature. This is a clear effect of the non-continuous, tesselat-
ed structure of graphenes, and it is graph topology which provides the
next refinement. 

A closed graphene can be viewed as a graph with N nodes (carbon
atoms). By defining the topological distance between two nodes as given
by the minimum number of steps (bonds) which connect the two
nodes, the graph can be considered as made of s atomic shells, each
shell including the sj atoms which have the same topological distance j
from an atom taken as origin (j=0). Since the maximum topological dis-
tance normally depends on the choice of the origin atom, s is defined as
the maximum topological distance in the given graph. With these defi-
nitions a sum over the atom index m from 0 to N - 1 is replaced by a
sum over the sj atoms belonging to the j-th shell times the sum over the
s+1 shells (including the origin, j=0, s0=1). The local Wiener index of
order n referred to the site 0 is then defined as

.                                                                                   (11)

It was recently demonstrated [30] that the LCAO binding energy
of any graphene atom taken as origin is proportional to an expansion
over its local Wiener indices of increasing order and that, for sufficient-
ly large N, truncation to order 1 is generally a good approximation. The
total 1st order Wiener index 
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                                                                                    (12)

turns out to be approximately proportional to the total energy, as
Harry Wiener conjectured long ago about the boiling points of paraf-
fins [37]. Thus the Wiener index is shown to provide a reasonable
ranking of the isomers according to their stability, working de facto as
a sort of configurational potential [30]. This finding extends to all
graphenes, as anticipated by Ori et al in a seminal study on C66

fullerene isomers [38]. 

Tab. 1. The 21 isomers of the C36 element of the fcc-(C36)2 schwarzite ordered according
to the increasing Wiener index W(1) , with the indication of their point symmetry group.
The most stable isomer is not that of the highest point symmetry T2, (shown in Fig. 9a),
but the one of point summetry C2v [30].

Isomer               Sym                   W(1)                                                     11                     C2                                4918

1                           C2v                                4839                          12                     C1                                4954

2                           C2                                4846                          13                     C2                                4966

3                           D2                                4848                          14                     C1                                4993

4                           CS                                4854                          15                     C2                                5020

5                          D2d                               4856                          16                     D2                               5046

6                           C2                                4875                          17                     S4                                5046

7                          C1                                4887                          18                     C2                                5049

8                           C1                                4891                          19                     Td                                5214

9                           C1                                4897                          20                     C2                                5399

10                         D2                                4906                          21                    D2d                              5868

Tab. 1 lists the 21 isomers with only 6- and 7-membered rings of
the C36 element of the fcc-(C36)2 schwarzite ordered according to the
increasing Wiener index W(1) , i.e., from the most to the least stable.
As appears from the respective point symmetry group shown in the
second column, the most stable isomer is not the one with the highest
(tetrahedral) point symmetry T2 ,shown in Fig. 9a, but the one of point
symmetry C2v [30]. This is apparently opposite to the behaviour of
fullerene isomers, where the most symmetric are also the most stable
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(e.g., the icosahedral C60), and is likely to be related to the fact men-
tioned above that the twelve 7-membered rings of each schwarzite
element tend to dispose themselves as much as possible one next to
the other, whereas the twelve 5-membered rings of a fullerene tend to
stay apart. While the latter trend is compatible with the higher sym-
metries, the former favours lower symmetries. This is probably the
reason why the SCBD growth of well ordered periodic schwarzites
was not so far succesful, the amourphous self-affine structures being
the natural output in both quantum molecular dynamics simulations
[14] and experiment [15].

4. FROM GRAPHENES TO OTHER PLAYGROUNDS [39]

The mathematical theory of minimal surfaces quickly impacted
physics. A first, famous example is the work of Joseph Plateau on
soap foams (Fig. 10). Plateau’s pioneering work and the laws bearing
his name [40], received a complete mathematical demonstration only
40 years ago by Jean Ellen Taylor [41], but the beautiful partitions of
the three-dimensional space into volumes, separated by minimal sur-
faces so as to minimize the thermodynamic potentials, inspired new
theories and models. For example Lord Kelvin conjectured that equal
polyhedra having the shape of the cubo-octahedron provide a “divi-
sion of space with minimum partitional area” [42]. In other words
they would be the ideal shape of milk containers which could be per-
fectly packed with no waste of expensive covering and space. Actually
better solutions have been found than Kelvin’s with different polyhe-
dra of equal volume, clathrates (Fig. 10a) – e.g., the celebrated
Weaire-Phelan structure [43] - which left then the realm of topology
for that of crystallography. Topology became soon a reference para-
digm in many branches of fundamental physics, besides schwarzites
(Fig. 10b), which range from Hermann Weyl’s topological theory of
electricity and cosmological wormholes [44], to string theory D-
branes [45], and present topological field theories in high-energy
physics [46]. The physics of condensed matter is to a great deal that
of its electrons and much depends on the topology of the Fermi sur-
face and of the electron energy bands. The equilibrium structure of
the solid and its phase diagram crucially depend on these electronic
features, and so do quantum phase transitions.
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Fig. 10. On a soap foam background organized according to Plateau’s laws five
topological structures representing different physical systems are displayed:

(a) a hex-Si40 clathrate filling the space with polyhedra similarly to a soap foam [47]
(b) a transmission electron microscope image of spongy carbon with the structure
of a self-affine minimal schwarzite [15] (c) cross section of the quintic Calabi-Yau
manifold representing a D-brane, produced using the methods described in [48]

(image from Wikipedia Commons); (d) a representation of a Schwarzschild wormhole
connecting two distant regions of the space-time [49]; (e) similar topological features
may be found in the surface band structures of a topological insulators, however with

the neck reduced to a point, termed as Dirac point [50]. 

In the early seventies Vadim Berezinskii, an Ukrainian physicist
working at the Landau Institute in Moscow, and the two British physi-
cists Michael Kosterlitz and David Thouless approached independently
the problem of phase transitions in two-dimensional systems [51-53]. An
explanation was sought of how a two-dimensional Bose liquid, e.g., a thin
film of 4He, can become superfluid at finite temperature, at odds with the
original prediction of Rudolf Peierls and the rigorous proof by Mermin
and Wagner that no long-range order associated with Bose-Einstein con-
densation can occur in two dimensions. The pioneering studies collected
under the name of BKT theory, have offered a remedy to that apparent
inconsistency by showing that a phase transition is possible from a disor-
dered phase, with an exponentially decaying correlation, to a quasi-long-
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range order with a power-law correlation decay. BKT theory introduced
the important concept of topological phase transition and a corresponding
critical temperature, above which bound opposite vortex pairs (having
zero circulation) unbind, leading to a gas of topological defects formed
by single quantized vortices. BKT theory provided a powerful tool for the
analysis of phase transitions in a wide range of quasi-two dimensional sys-
tems, including superfluid films, cuprates and other more recent high-
temperature exotic superconductors, Josephson junction arrays, ultra-
cold atomic gases in light traps, quantum-Hall systems, certain classes of
ferroelectrics, etc. It was a tremendous loss for theoretical physics that
Vadim Berezinskii passed away prematurely in 1980, at the age of only 45
[54], while BKT theory was triggering an extraordinary advance in the
understanding of what we call today topological matter [55]. It was its
major protagonist, Duncan Haldane, who was finally associated to
Kosterlitz and Thouless for the 2016 Nobel Prize in Physics, disproving
the famous Gamow’s statement that “only number theory and topology
have no application in physics”. [55] 

About the time of von Klitzing’s discovery of the quantum-Hall
effect, readily explained by David Thouless, and that of the fractional
quantum hall effect by D.C. Tsui, H.L. Stormer, and A.C. Gossard,
Duncan Haldane produced as a single author an impressive series of
papers on spin chains, low-dimensional magnetic systems and the frac-
tional quantization of the Hall effect [56]. The fractional quantum Hall
effect was soon recognized to bring new quantum states of matter allow-
ing for an entirely novel type of topological order. The subsequent intro-
duction of the Berry curvature on the Fermi surface, playing a role similar
to that of the Gauss curvature in the Gauss-Bonnet theorem, led Haldane
to describe the anomalous Hall effect as a topological property of the
Fermi liquid [57]. The evergreen interest in two-dimensional physics has
been amplified in recent years by the discoveries of the quantum spin-
Hall effect, the surface conducting states of topological insulators, the
evidence of Majorana fermions in condensed matter, graphene, silicene,
and various classes of exotic quasi-2D superconductors, including the
persistent superconductivity in thin Pb films down to one single layer. 

The deep significance of these advancements is the unified view
offered by topology of fundamental physics. Topological insulators are
presently a hot topics in condensed matter physics; they owe their name
to the special topological structure of the surface energy bands which host
electrons of either spin up or spin down and cross the energy gap charac-
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terizing the bulk material. Similarly to the topological robustness
described above for graphenes, the topological electronic states are robust
under external perturbations, very much like the topology of geometrical
figures that (by definition) does not change under continuous deforma-
tions. This property, combined with the possibility of spin-up and spin-
down electrons drifting in opposite directions, allows for stable spin cur-
rents and opens new avenues in spintronics and quantum computation. A
further help to viable nanotechnologies comes from the very small effec-
tive mass, i.e., very large mobility, that electrons have at the intersection of
the surface bands of opposite spins (Fig. 10e). Around this point electrons
have a small or even null effective mass and the band structure takes the
form predicted by the quantum relativistic Dirac equation (see next
Section). In this respect there is a similarity between the topological insu-
lators and graphene, where the electron spins are replaced by pseudo-
spins associated with the peculiar conjugated electronic states. 

The formal correspondence of electron-hole pairs in condensed
matter with particle-antiparticle pairs of Dirac equation is a textbook
notion, but symmetry requirements suggest that topological pairs may not
be Dirac but Majorana fermions, where particles are their own antiparti-
cles. Thus the long-sought Majorana fermions in neutrino-less double beta
decay could finally materialize in condensed matter physics! Frank
Wilczek, co-recipient of the 2004 Nobel Prize for his fundamental contri-
butions to quantum chromodynamics, in his 2013 Erice lecture advocated
Majorana fermions as a unifying concept in elementary particle and con-
densed matter physics [58]. On the other hand Ed Witten [46] has been
arguing that K-theory in algebraic topology, which has been recently pro-
posed for the classification of topological insulators, is relevant for the
classification of D-brane charges in string theory and quantum cosmology.
New routes are being opened towards the highly desired grand re-unifica-
tion of physics under the common paradigm of topology. 

5. MOVING A PLANCK MASS THROUGH A PLANCK LATTICE [59]

There is indeed a wide common ground with a highly productive
exchange of ideas, theories and models among particle physics,
astrophysics and condensed matter physics. There is however an impor-
tant caveat: in general quantum field theory in elementary particle
physics underlies a continuous uniform space, whereas most condensed
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matter physics refers to crystalline solids with an intrinsic periodicity in
space. The important effects arising from the switching on of periodic-
ity can be best understood by considering the transition from gapless to
small-gap materials, like graphene. 

Graphene actually provides a paradigm of relativistic physics in
condensed matter. The lowest electronic conduction band and the
highest valence band of a graphene (Fig. 11a) form six double cones with
the vertices at the Fermi level (conventionally taken at energy E=0), so
that the Fermi contour is reduces to six equivalent points K (Dirac
points) at the Brillouin zone boundary. The effective mass of Dirac fermi-
ons (electrons and holes) at the K points is zero due to the infinite curva-
ture of the bands at the cone cusps, unlike other electron and hole bands
like the ones of energy E/g1=±1 at K (Fig. 11a), which have a finite cur-
vature. It should be noted that the Dirac-point degeneracy of the valence
and conduction bands is unstable with respect to any modest perturba-
tion, which causes a band splitting at the Fermi level, with a gap opening
and a finite effective masses of electrons and holes (Figs. 11b and 12).

Fig. 11. (a) The lowest electronic conduction band and the highest valence band of a
graphite monolayer (graphene) meet at the Fermi level (E=0) passing through six

equivalent points K (Dirac points) at the Brillouin zone boundary (energy in units of the
tight-binding coefficient g1); the effective mass of Dirac fermions (electrons and holes) at
the K points is zero due to the infinite curvature of the bands at the cone cusps, unlike
other electron and hole bands which have a finite curvature. (b) The Dirac-point

degeneracy is unstable with respect to any modest perturbation, which causes a band
splitting, with a gap opening and a finite effective masses of electrons and holes.
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Fig. 12. The effect on a free-particle parabolic band E0=(Ák)2/2m of a periodic potential,
here represented by its Fourier component UK where K=2p/a is the reciprocal lattice
vector and a the lattice period. The periodic potential opens a gap at the zone boundary
k=K/2 with a splitting of the free-particle band into two bands + and -. Taking the gap
midpoint as the origin of the wavevector axis p=K/ 2 – k and of the energy axis

E =E± (p), the bands in the neighborhood of the gap take the relativistic Dirac form.

Fig. 12 illustrates the effects of a periodic potential, here repre-
sented by its Fourier component UK where K=2p/a is the reciprocal
vector of a lattice of period a, on a parabolic free-particle band
E0(k)=(Ák)2/2m, where m is the particle mass and k its wavevector. The
periodic potential opens a gap at the Brillouin zone boundary k=K/2
(Bragg plane) with a splitting of the free-particle band into two
bands+and -. Taking the gap midpoint as the origin of the momentum
axis p=Á(K/2–k) and of the energy axis E =E± (p) (with E=0 working as
the Fermi level), it is a simple solid-state physics exercise to show that
the bands in the neighborhood of the gap take the forms:

                                      (13)

is the lattice Bragg velocity. The reader will immediately recognize Eq.
(13) as the relativistic Dirac equation for the particle and anti-particle
eigenvalues with the Bragg velocity replacing the speed of light, but
there is a subtle difference: the free-particle mass m is replaced by the
band effective masses

                                                  
(14)
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is the free-particle kinetic energy corresponding to the momentum ÁK.
Since TK is much larger than the gap 2UK (supposed to be small and
positive), the two band effective masses are much smaller than the free-
particle mass, and (even more interesting!) they are slightly different
with m+ >m- . This is well known to solid state physicists – holes are
heavier than electrons -, but it is a serious violation of the particle
physics dogma that particles and anti-particles have the same mass. The
reason for such a violation is the motion in a periodic potential.
Periodicity can be assimilated to a form of quantization or tesselation
of space, and the present simple exercise can be easily extended to
three dimensions. The idea of space quantization can be traced back to
1899 Planck’s invention of units of length and mass 

                            
(15)

known as the Planck length and the Planck mass, respectively [60].
They are constructed with the three fundamental constants c (now
speed of light!), G (the Newton gravitational constant) and, of course,
the brand new Planck constant h. Imagine now to have the very big (on
the elementary particle scale) Planck mass, m ≡ mP , moving in a peri-
odic lattice of period a ≡ lP/2, which is very, very small on the atomic
scale. It turns immediately out that for an effective mass corresponding
to that of a proton (which is a factor 10–19 smaller than the Planck mass),
the antiproton-proton mass difference is itself smaller than the proton
mass by about the same factor,

,
                                                                           

(16)

with the great surprise that
.                                                                          (17)

In words the energy corresponding to the effective mass differ-
ence is equal to the gravitational potential between particle and anti-
particle at the lattice distance! This interesting result can be interpreted
by saying that gravity is a quantum effect due to the motion on a peri-
odic lattice. The periodic potential responsible for the gap implies a
perturbing field which provides particles and anti-particles with a finite
mass. This doesn’t sound new, whereas the unexpected fact is that this
field also provides the gravitational interaction between them. After all
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also this is due, because the process in which a neutral boson annihi-
lates into a particle-antiparticle pair has to provide not only their mass
energy (the gap) and their kinetic energy, but also their gravitational
energy at the shortest possible distance, the Planck lattice distance.
Thus the gravitational potential at any distance r can also be expressed
in terms of the absolute effective mass difference:

,                                                                                (18)

with the Planck’s constant signalling the quantum nature of the grav-
itational potential. One could speculate that Newton gravitation orig-
inates from the quantization of space, but for a condensed matter
physicist there is a more concrete and practical question: what does
this mass-difference energy mean in the original system where a is the
lattice distance and c the Bragg velocity? A natural system is a semi-
conductor, e.g., germanium, where the difference between hole and
electrons effective masses is of the order of one tenth of the electron
mass m. In this case what we will call a pseudo-gravitational potential
is given by

.                                                                       (19)

At a distance of the order of the lattice parameter of Ge this
potential is of the order of 0.1 eV, which is neither large nor small as
compared to the gap or to the optical phonon energies. A direct mean-
ing of this energy is found by considering the Rydberg for the exciton
(electron-hole bound state) hydrogenic ground state. The difference in
the Rydberg energy produced by the difference in mass, 

                                   (20)

where e is the elementary charge, es is the dielectric constant of germa-
nium, and a0 the exciton Bohr radius, also takes the form of an attrac-
tive gravitational potential with an effective constant “G” ≡ e2/4m2εs2. A
closer inspection would show that this energy corresponds to the dif-
ference between the exciton energy as referred to its center of mass and
that referred to the crystal center of mass.
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6. CONCLUSIONS

Graphenes in all their forms, as well as many condensed matter
systems where topology plays in some general aspects a major role as
compared to other local and metric properties, can provide an all-pur-
pose quantum construction kit. They can simulate at the small scale of
a desk-top laboratory (where experiments are comparatively easy to
design for a given purpose) situations of great relevance in quantum
theory that occur in other domain of physics, however over very differ-
ent scales of space and time not easily accesible to experiment. A few
examples concerning particle physics or astrophysics have been briefly
mentioned in Section 4. The main message that can be extracted from
the few points discussed above, as well as from the fashinating topics
which have been illustrated in all lectures presented at this meeting on
the modern triathlon “heat-electricity-mechanics”, is that there is nev-
ertheless one physics, and that a grand-reunification of largely separat-
ed branches of physics needs to be pursued under some general flags
like topological quantum field theory.
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